Projective planes of order n with a collineation group admitting a 2-transitive orbit on a line of length at least n=2 are investigated and new examples are provided.
Introduction
A classical subject in finite geometries is the investigation of a finite projective plane 5 of order n admitting a collineation group G which acts 2-transitively on a pointsubset Ç of size v of 5. It dates back to 1967 and it is due to Cofman [9] . It is easily seen that either (i) the structure of a non trivial 2-.v; k; 1/ design is induced on Ç, or (ii) Ç is an arc, or (iii) Ç is a contained in a line. This paper focus entirely on the case when Ç is a contained in a line. Starting from Cofman [10] , several papers have been devoted to this case. In [10] , Cofman proves that 5 is Desarguesian and SL.2; n/ G, under the assumptions that v = n + 1 (that is, Ç is the entire line), n ≡ 1 mod 8 and G contains involutory homologies.
Some years later, Schulz [56] and Czerwinski [13] essentially proved that the unique translation planes with a collineation group acting 2-transitively on the line at infinity are either Desarguesian or Lüneburg planes. Actually, they proved this characterization under additional assumptions that ruled out the possibility for G to contain Baer c 2007 Australian Mathematical Society 1446-8107/07 $A2:00 + 0:00 228 Alessandro Montinaro [2] collineations. Later, such additional assumptions were totally dropped with the use of the classification of finite 2 -transitive groups. In 1981, Korchmáros [44] investigated the general case v = n + 1 when n = 2 r . Apart from the Desarguesian case, the author proves that either G ∼ = Sz.n/ or G ∼ = P SU .3; n/.
Also the case v = n has been investigated extensively. In 1986, Ganley and Jha [19] proved that if v = n and 5 is a translation plane and l is the line at infinity, then 5 is actually a semifield plane. The case v = n was investigated by Hiramine [29] in 1993, without any assumption on the structure of 5. Apart from a few numerical values of n, Hiramine shows that the socle ofḠ, whereḠ denotes the group induced by G on Ç, is an elementary abelian p-group for some prime p, the plane 5 has order n = p r and eitherḠ O ≤ 0 L.1; p r / or SL.2; p r / ≤Ḡ O ≤ 0 L.2; p r /. In 1999, Biliotti, Jha and Johnson classified the translation planes 5 for v = n, n = 2 6 , when l is the line at infinity andḠ ≤ A0 L.1; p r /. In 2000, Ganley, Jha and Johnson [20] classified the triple .5; Ç; G/ for v = n, when 5 is a translation plane, l is an affine line and G is non solvable. Recently, Biliotti and Francot [4] investigated the general case v ≥ n, determining all the possible collineation groups.
The problem of classifying the triple .5; Ç; G/ when Ç ⊂ l and the length v of Ç is smaller than n, but close to n, is open. An initial result in this direction is the paper of Biliotti and Montinaro [8] devoted to the case v = n − 3. In that paper no nontrivial cases arise. The aim of this paper is to investigate the finite projective planes 5 of order n admitting a collineation group G which acts 2-transitively on a subset Ç of a line l of 5, under the assumption v ≥ n=2. In particular the following results are obtained.
THEOREM 1.1. Let 5 be a projective plane of order n and let Ç be a 2-transitive

G-orbit of length v on a line. If v ≥ n=2 and G is almost simple then one of the following occurs:
(1) v = n + 1, and one of the following occurs: We remark that the result (1) is already known (see [4] and its references for related examples). So, our task is to prove the results (2) and (3) . We also remark that there are no known examples for the cases (2b) and (3b). .I/ v = n + 1, n even, and either .II/ v = n and either .III/ n=2 ≤ v < n and either We remark that the results (I) and (II) are already known (see [4] and [29] for related examples). So we have to prove the result (III). We stress that, while there are no known examples for the case (IIIb), examples of type (IIIa) occur in the Desarguesian planes of order 8 and 9, in the Lorimer-Rahilly plane of order 16 and in the JohnsonWalker plane of order 16 and in their duals. A complete description of these examples is given in section 3.
Clearly, Theorems 1.1 and 1.2 together cover all possibilities for a 2-transitive collineation group G.
The present paper is structured as follows. In section 2 we fix notation and the background of the problem and we recall some results which are useful for proving Theorems 1.1 and 1.2. In section 3, a complete description of the examples provided in the paper is given. In section 4, we give some preliminary reductions for the structure of the 2-transitive collineation group G. Sections 5 and 6 are devoted to the proofs of Theorems 1.1 and 1.2, respectively. Finally, in section 7, our main problem is investigated under the additional assumption that 5 is the projective extension of a translation plane.
Background
The group-theoretical and geometrical notation used in this paper is standard. For the required background concerning finite groups, the reader is referred to [1, 22] and [34] . In particular, for the finite groups admitting a 2-transitive permutation representation we have the following classification. See for example [40] . A finite 2-transitive group is said either almost simple or of affine type according to whether its socle is a nonabelian simple or an elementary abelian p-group for some prime p, respectively.
The background concerning finite projective planes may be found in [33] . Let 5 = È; Ä be a finite projective plane of order n. If G is a collineation group and P ∈ È (l ∈ Ä ), we denote by G.P/ (by G.l/) the subgroup of G consisting of perspectivities with the centre P (the axis l). Also, .P; l/ = G.P/ ∩ L.l/.
Furthermore, we denote by G.P; P/ (by G.l; l/) the subgroup of G consisting of elations with the centre P (the axis l).
The following theorems deal with projective planes 5 of order n with a collineation group G acting 2-transitively either on the points of a line, or on the points of a line minus one. Note that, while the there no known examples corresponding to the cases (3)-(5), the case (2) really occurs in the projective extensions of the Lüneburg planes.
We now consider the case where G fixes an incident point-line pair .L ; l/ of 5 and acts 2-transitively on l − {L}. In the following result, the two previous situations are analyzed under the further assumption that 5 is the projective extension of a translation plane. (2) If n = 2 6 , G fixes the point L and acts 2-transitively on l − {L}, where l is the line at infinity, then either [6] (a) (2) and see [20, main theorem] for a proof of the case (3) . Clearly all these cases really occur. Note that a classification of the projective extensions of translation planes, when l is an affine line and one of the situations (1) or (3) of Hiramine's theorem occurs, is not available. Nevertheless, there are several examples corresponding to each of these situations (see [6] ). In particular, in the examples referring to the situation (3), A 5 is involved inḠ O in many cases.
Examples
In this section we provide some examples. It is worth noting that, while Examples 1 and 2 are already known, Example 3 is new. EXAMPLE 1. Let 5 be a projective plane of order n, with n ≤ 9, and let G be a collineation group of 5. Suppose that G induces a groupḠ which has a 2-transitive point-orbit of length v on a line l. If n > v ≥ n=2, then one of the following occurs: In particular, each of these cases really occurs.
Let 5 be a projective plane of order n, with n ≤ 9, and let G be a collineation group of 5 inducing a groupḠ which has a 2-transitive point-orbit of length v on a line l. Assume that n > v ≥ n=2. Clearly v ≥ 3.
If v = 3 then 3 < n ≤ 6. Actually, n < 6 by [33, Theorem 3.6] . Hence either n = 4 or n = 5. If v = 5 then 5 < n ≤ 9. If n = 7 or 8 then 5 ∼ = PG.2; n/. Nevertheless these cases cannot occur, since 5 ¹ |P0 L.2; n/|. Therefore n = 9. Then either 5 is Desarguesian or 5 is one of the Hall planes by [58] . It is easily seen that there exists a subgroupḠ ∼ = AG L.1; 5/ of P0 L.2; 9/ splitting l in two 2-transitive orbits, both of length 5 when 5 is Desarguesian, and hence (6) . If 5 is the Hall plane of order 9 then the group induced on the line at infinity by the full translation complement of 5 is described in the proof of Lemma 5.2 of [18] . It is easy to check with [24] , by using such a description, that the group induced on the line at infinity does not contain solvable subgroups with a 2-transitive permutation representation of degree 5. Nevertheless, the group G ∼ = SL.2; 5/ induces A 5 on the line at infinity and this one is split in two 2-transitive A 5 -orbits, both of length 5 (see [6] ). Thus (7).
If v = 6 then 6 < n ≤ 9. If n = 7 or 8 then 5 ∼ = PG.2; n/. ThusḠ ≤ P0 L.2; n/ such thatḠ is 2-transitive orbit on l of length 6. Clearly 5 | |Ḡ|. This gives a contradiction, since 5 ¹ |P0 L.2; n/| for n = 7 or 8. So n = 9. Nevertheless, this case cannot occur by [8, Theorems 25 and 35] , since n − v = 3.
If v = 7 then 7 < n ≤ 9. That is n = 8 or n = 9. If n = 9 then 5 ∼ = PG.2; 9/ by [57 We remark that in the other known projective planes of order 16 there are no examples of 2-transitive orbits of length 8 on a line (see [52, 
Preliminaries
Let G be a collineation group having an orbit Ç of points of 5 on which G acts 2-transitively. We call Ç a 2-transitive G-orbit, or just a 2-transitive orbit. Furthermore, we say that Ç is non trivial if |Ç| > 1. Note that v ≥ 3 since G is 2-transitive. In what follows, we assume that v ≥ 5. It is a plain that n ≥ 8.
The following numerical and group-theoretical lemmas will be useful hereafter. [60, Theorem 3] . This gives a contradiction, since p r = 11 2 and 11 2 ≡ 3 mod 4. Hence h = 0 and j = 1. This proves the assertion (1).
A class of solutions to the first Diophantine equation is furnished by the SophieGermain primes (r = 1) (see [55] PROOF. The assertion is true when H is sporadic by a direct inspection of [11] . Elementary calculations with [59] and with [42] show that the assertion is also true when H is exceptional of Lie type. When H is alternating, the assertion follows by a straightforward calculation by [34, Satz IV.4.6] for v ≥ 9 and by [11] for 5 ≤ v < 9. Assume that H is simple classical group. Then the assertion follows by [34, Haupsatz II.8.27 ] when H ∼ = P SL.2; q/. Furthermore, the assertion follows by [25] and [49] [43, Chapter 4] , in conjunction with [12] and with Lemma 4 and Table II of [45] , shows that the assertion is true also in this case. PROOF. In Table 1 
The assertion (1) easily follows by a direct inspection in [11] of the primitive permutation representations of the groups H listed in Table 1 and not isomorphic to Sp.2h; 2/, h ≥ 3. When H ∼ = Sp.2h; 2/, h ≥ 3, a similar argument to that in Lemma 4.2, H being classical, also proves the assertion in this case. Now the assertion (2) can be easily read off from Table 1 Let N be the kernel of the action of G on Ç and setḠ = G=N . We may also assume that G is the minimal preimage ofḠ. We now present some preliminary reductions for the structure of N . Assume that there exists an element ¦ ∈ N , ¦ = 1, such that ¦ fixes a point P of 5 − l. Actually, P is the unique point on 5 − l fixed by ¦ since N does not contain any non trivial planar collineation of 5. Furthermore, P is the unique point on 
G, S a fixes the line ag and hence the point a ∩ ag which lies in 5 − l. This gives a contradiction, since N is semiregular on 5 − l. Therefore S a < S.
where O ∈ Ç. Arguing as above with S in the role of N , as S G, we see that
Thus N = S as |N | | n 2 , and we have the assertion (2b).
This gives a contradiction, since u ≥ 2 and n ≤ 2v. As a consequence |x
, and we again have the assertions (2b) and (2c). If k = 3 then n = 3|S|=2. Hence S ≤ N ≤ S × A, where A is a group of order a divisor of 9, since |N | | n 2 . This proves the assertion (2d).
Recall that soc.Ḡ/ denotes the socle ofḠ. Also, recall that eitherḠ is almost simple or of affine type, sinceḠ is 2-transitive on Ç. We treat these two cases separately.
5.Ḡ is almost simple.
Assume thatḠ is almost simple. We treat the cases N = 1 and N = 1 separately.
The unfaithful case
Assume that N = 1 . We continue investigating the structure of N . We point out that the condition in (2) 
PROOF. Assume that G fixes an element in . Then
This gives a contradiction, since X N ∈ and is a set of non trivial N -orbits of points of 5. Thus G acts on asḠ and this moves each element of . Therefore is union of non trivialḠ-orbits. Since each non trivialḠ-orbit has length a multiple of some primitive permutation representation degree
It is known that any involution in L fixes exactly four points on Ç, since |Ç| = 28. Then is a Baer collineation of 5. Thus either n = 36 or n = 49, since n must be square and 28 < n ≤ 56. The former is ruled out by [33, Theorem 3.6], since o Fix. / = 6, and the latter is ruled out by [30] . Hence, we HenceḠ is a 2-transitive non abelian simple group. Let K be the kernel of the action of
and sinceḠ is non abelian and simple, either
We now investigate the relationship between N and K . 
where the ½ j ≥ 0, j ≥ 0, and j≥0 ½ j > 0, since eachḠ-orbit on l − Ç is a multiple of some d h .Ḡ/, h ≥ 0, and since |l − Ç| = n + 1 − v. Actually, either ½ 0 = 1 and
If the latter occurs then n = 2v. Furthermore,Ḡ is one of the exceptions listed in Lemma 1.1. Nevertheless, no one of these exceptions really occurs, since v must be even by [33, Theorem 13.18] . Hence ½ 0 = 1 and ½ j = 0 for j > 0 for any admissible case. Then n = 2v − 1 and hence G acts on l − Ç asḠ in its 2-transitive permutation representation of degree v. . . This yields either n = 9 or n = 10, since n ≥ 9 by our assumption. Nevertheless, these cases cannot occur by [30, Theorem A] and [33, Theorem 13.18] respectively. As a consequence, G Y moves each element on 0. Therefore 0 is a union of non trivialḠ Y -orbits. Since each
Then there still exists a 3-cycle in G fixing n − 6 points on l and at least 2 points on QY − {Y }. Hence fixes a subplane of 5 of order n − 7. Again, this gives a contradiction.
Assume thatḠ 
sinceḠ has the same 2-transitive permutation representation on Ç and l − Ç, and since v = .n + 1/=2. By manipulating (5.1), we have that 
Furthermore Suppose that there exists an involution ¦ ∈ G − N . Assume that ¦ is a .C ¦ ; l ¦ /-elation of 5. If C ¦ = X , then N < G.X; X / G. This gives a contradiction, sinceḠ is non-abelian and simple. Hence C ¦ = X . Furthermore a ¦ = l, since ¦ = ∈ N . Denote by R the normal closure of ¦ in G. Then G = R N , sinceḠ is non-abelian and simple. Actually, G = R by the minimality of G. Hence G is generated by involutory elations. Moreover N = F.G/, where F.G/ denotes the Fitting subgroup of G, since N is nilpotent andḠ is non-abelian and simple. Since 4 | |Ḡ| by [21] , it follows thatḠ is isomorphic to P SL.3; q/ or P SU .3; q/ or SL.2; q/ or Sz.q/ or A 6 , where q = 2 r , by [27] . This is a contradiction in all cases except A 6 , since v must be even by [33, Theorem 13.18] . Nevertheless, the caseḠ ∼ = A 6 is ruled out by [36] , since n = 12.
Assume that ¦ is a Baer collineation of 5.
is the number of points of 5 fixed by ¦ both on Ç and on l − .Ç ∪ {X }/. Hence k ¦ = √ v=2. Now, arguing similarly to part (C) of Proposition 5.5, we may reduce our investigation to the following admissible cases: Now assume that q = 9. Then either n = 11 or n = 12, since d 0 .Ḡ/ = 9. The latter is ruled out by [36] . Hence n = 11 and 5 ∼ = PG.2; 11/ by [47] . Hencē G ≤ PG L.2; 13/, since G fixes l. This gives a contradiction, hence q = ∈ {7; 9}. Thus G ∼ = SL. Finally, assume that n = 2v. Then v is even by [33, Theorem 13.18] . Thus q must be odd. Assume that q ≡ 1 mod 4. Let R be defined as above. In this case 8 | 2.q + 1/, since R ∼ = Q 2 m , m ≥ 3, must be semiregular on [B] − {l}, n = 2.q + 1/ and the unique involution in G is an .X; l/-elation, where X is the unique point on l − Ç fixed by G. This gives a contradiction, hence q ≡ 3 mod 4. This proves the assertion (3).
It should be stressed that if there exist planes of type (2) with n a prime power then n is actually a prime by Lemma 4.1(1). Furthermore, if there exist planes of type (3) with n a prime power then n is a power of 2 and q is a Mersenne prime by Lemma 4.1 (2) . Nevertheless, as we shall see in Section 7, in these cases 5 cannot be the projective extension of a translation plane.
The case d 0 .Ḡ/ < v
In the following we assume thatḠ P SU .3; 5/. Then either N = N .Q; l/, Q ∈ 5 − l, or N = N .l; l/ by Lemma 5.4. We treat these two cases separately. In particular, for each of them, we show that G is a perfect central extension ofḠ. Now, since the groups satisfying d 0 .Ḡ/ < v are listed in Table 1 Table 1 with respect to the previous inequality, it is easily seen that no cases arise.
It remains to investigate the case where G is a covering group forḠ by Lemma 5. Table 1 are G=Z 2 ∼ = P SL.2; 5/ and n = 11, G=Z 2 ∼ = P SL.2; 7/ and n = 15, G=Z 2 ∼ = SL.2; 9/ and n = 13, G=Z 3 ∼ = P SL.2; 9/ and n = 19, G=Z 2 ∼ = P SL.2; 11/ and n = 23, G=Z 2 ∼ = P SL.4; 2/ and n = 17, G=Z 3 ∼ = A 7 and n = 21, G=Z 2 ∼ = A 7 and n = 29, G=Z 2 ∼ = H S and n = 201, and G=Z 2 ∼ = Sp.6; 2/ and n = 57.
Actually the cases G=Z 3 ∼ = A 7 and n = 21, G=Z 2 ∼ = Sp.6; 2/ and n = 57, and G ∼ = H S=Z 2 and n = 201 cannot occur by [33, Theorem 3.6 ]. The case G=Z 2 ∼ = P SL.2; 7/ and n = 15 cannot occur by [31] . If G=Z 2 ∼ = P SL.2; 5/ and n = 11 then 5 ∼ = PG.2; 11/ and henceḠ ≤ P SL.2; 11/ by [47] . Nevertheless, this case cannot occur, sinceḠ ∼ = P SL.2; 5/ contains involutions fixing a point on Ç and hence on l, while P SL.2; 11/ does not.
Assume that G=Z 2 ∼ = SL.2; 9/ and n = 13. ThenḠ ≤ PG L.2; 13/ by [48] . This gives a contradiction, hence G=Z 3 ∼ = P SL.2; 9/ and n = 19. In this case there exists an involution Ž in G fixing at least 4 points on l, since n + 1 = 20 and |Ç| = 10. Clearly Ž = ∈ N . Therefore Ž is a Baer collineation of 5, which is a contradiction. Table 1 , exceptḠ ∼ = P SL.2; 9/ and n = 15,Ḡ ∼ = A 7 and n = 21,Ḡ ∼ = Sp.2h; 2/ and n = 2 2h − 1, G=Z 2 ∼ = H S and n = 275, are ruled out by [33, Theorem 13.18] . Nevertheless, the groupsḠ ∼ = P SL.2; 9/,Ḡ ∼ = A 7 andḠ ∼ = Sp.2h; 2/ cannot occur by [31] , by [33, Theorem 3.6] , and by [26] , respectively. Hence G=Z 2 ∼ = H S and n = 275. Let X be a point on Ç. If |G r | is even then G r contains involutions which are Baer collineations of 5, since they fix the points X and Y on l and n is even. So n = |N |.Â 0 d 0 .Ḡ/ + Â 1 v/ must be a square. It is a plain to see that the only groups in Table 1 satisfying one of the previous numerical conditions are G ∼ = SL.2; 7/ or G=Z 2 ∼ = P SL.4; 2/, and n = 16. Nevertheless, the latter is ruled out by the same argument as above, since P SL.2; 7/ ≤ G r . Therefore G ∼ = SL.2; 7/ and n = 16. Let C and T be defined as above. Assume that |G r | is odd. Then G ∼ = SL.2; 11/ and n = 24 by a direct inspection of Table 1 . Let L ≤ G be such that L ∼ = Z 11 . Then L fixes a subplane of 5 of order at least 2, since n + 1 = 25 and since G fixes the points X and Y on l − Ç.
Fix.L/ ∼ = PG.2; 2/. This gives a contradiction, hence X is the unique point on l − Ç which is fixed by G.
Assume that the latter occurs. Then G − N contains an involution, as |N | | n and n is odd. This involution is a Baer collineation of 5, since it fixes three points on Ç by [50] . This gives a contradiction.
Assume that n = v + d 0 .Ḡ/. The casesḠ ∼ = A 7 and n = 22 andḠ ∼ = A 8 and n = 23 are ruled out by [33, Theorem 13.18] and by [26] , respectively. Again, we may apply a similar argument to that of Lemma 5.8 in order to rule out the cases G ∼ = SL.2; 11/ and n = 23 orḠ ∼ = H S and n = 276 (in this case n is even and there also exists a 2-subgroup of G A , A ∈ Ç, of order at least 4, fixing two points on Ç and two on 5 − l). Hence G ∼ = SL.2; 9/ and n = 16. Let U ≤ G be such that Assume that n = 2v. Note that any admissible case of Table 1 , except G ∼ = SL.2; 7/ and n = 16 or G ∼ = SL.2; 11/ and n = 24, is ruled out by arguments similar to those used above. This proves the assertion. Now assume that the caseḠ ∼ = P SU .3; 5/ is admissible. The following theorem completes this subsection and shows that the assertions (2) and (3) Thus any involution in G actually lies in G − N , so, it is well known that fixes exactly six points on Ç. Hence n is a square. Therefore √ n ∈ {12; 13; 15}, since 126 < n ≤ 252 and since √ n = 14 cannot occur by [33, Theorem 3.6] . Note that C G . / is non solvable, since it has a section which is isomorphic to PG L.2; 5/. Thus the cases √ n = 12 or 15 are ruled out by [36] and [31] , respectively. Hence √ n = 13. Then Fix. / ∼ = PG.2; 13/ by [48] . Denote byC G . / the group induced on Fix. / by C G . /. ThenC G . / acts trivially on Fix. /, since 5 | |C G . /| while 5 ¹ |PG L.3; 13/|. Thus there exists an element of order 5 in P SU .3; 5/ fixing the same 6 points on Ç fixed by . This gives a contradiction.
The faithful case
In this subsection we deal with case N = 1 . Since G is simple, either K = 1 and hence G has a non trivial orbit on l − Ç, or G = K and hence G fixes l − Ç pointwise.
This subsection is structured as follows. If G has a non trivial orbit on l − Ç, we reduce to the case d 0 .G/ < v by using the arguments of parts (C) and (D) of Propositions 5.5 and 5.6, respectively. Then we show that the involutions in G are Baer collineations of 5 by using the results of Ho and Gonçalves [32] . Finally, a case by case investigation shows that 5 is the Johnson-Walker translation plane of order 16 or its dual, and G ∼ = P SL.2; 7/. If G fixes l − Ç pointwise, we reduce to the case n = v + 1 by using Lemma 4.2. At this point we show that G admits another 2-transitive orbit of length v not contained in a line which is in contrast with the order n of 5. Table 1 . Nevertheless the former cannot occur, respectively, by [47] , since |Ç| = 6, and by [36] . Also the latter cannot occur, respectively, by [31] , and by [15] , since G contains involutory perspectivities and |Ç| = 8. Hence G is totally irregular on 5. Assume that G ∼ = A 7 and n = 25. Then there exists an involution in G fixing at least seven points on l by [50] and since |l − .Ç ∪ Ç /| = 4. This gives a contradiction by [33, Theorem 3.7] . Assume that G ∼ = A 8 and n = 25. Then there exists an involution in G fixing at least 10 points on l by [50] and since |l − .Ç ∪ Ç /| = 3.
This gives a contradiction by [33, Theorem 3.7] .
Assume that G ∼ = P SL.2; 9/ and n = 16. Set {X } = l − .Ç ∪ Ç /. Let S be a Assume that n < v + 2. That is n = v + 1, since n > v. Note that G fixes exactly a triangle 1 having l as its side. In particular each side of 1 consists of the vertices of 1 which are fixed by G and of a 2-transitive G-orbit of length v. This implies that G O fixes a subplane of 5 isomorphic to PG.2; 2/. Then there exists a point
is + 2, i ∈ {1; 2; 3}, respectively, and s ≥ 2. This yields n ≡ 2 mod 4. This gives a contradiction by [33, Theorem 13.18] . Hence Q G is the set of points of a nontrivial 2-.v; k; 1/ design (see the preliminaries of [4] and hence n = q 2 + q + 2, or is Hermitian Unital, G ∼ = P SU .3; q/, q > 2, and hence n = q 3 + 2, or is Ree Unital and G ∼ = 2 G 2 .q/, q = 3 2m+1 , m > 1, and hence n = q 3 + 2. If q is even, then n ≡ 2 mod 4 as q > 2 (clearly the case G ∼ = P SL.3; 2/ and n = 8 cannot occur). This is impossible by [33, Theorem 13.18] . Hence q is odd. Now, it is easily seen that G contains an involution fixing the 2 points of l − Ç and either exactly q + 1 points on Ç when is a Unital, or exactly q + 2 points on Ç when ∼ = PG.2; q/. So, either n = .q + 2/ 2 or n = .q + 3/ 2 by [33, Theorem 3.7] .
This gives a contradiction in any case. Thus G cannot fix l − Ç pointwise and hence the assertion follows by Proposition 5.11.
This completes the proof of parts (2) and (3) of Theorem 1.1. Assume that there exists a point P ∈ l − Ç such that T is semiregular on [P] − {l}.
The affine case
Then v | n and hence n = 2v, since v < n ≤ 2v. This gives a contradiction by [33, [33, Theorem 3.7] . This gives a contradiction, since n ≤ 2q 3 and q is odd.
The unfaithful 2-transitive orbits.
Throughout this subsection we assume that N = 1 . The proof of Theorem 6.3, which is the main theorem in this subsection, is structured as follows. We firstly show that G can be written in a 'nice' form (see the following lemma). Then we reduce to case N ≤ Z .G/, otherwise Lemma 5.1 provides a lower bound for |N | which is in contrast with the possible upper bounds given in Lemma 4.5. At this point we essentially use the Schur multipliers (see [41] ) to obtain the assertion. 
We treat the cases N ≤ Z .G/ and N ≤ Z .G/ separately. 
